Abstract. Energy flow related phenomena in three-phase unbalanced, linear, time-invariant (LTI) 
Introduction
Residential distribution systems, systems in commercial buildings or electrical traction grids can be regarded from a utility perspective as slowly time-varying aggregates of mainly single-phase loads, supplied from a three-phase, three-wire distribution system, usually through a transformer in /Y configuration, as shown in Fig. 1 . Even AC arc furnaces can be regarded as three separate single-phase arcs furnaces, in a common cage, i.e., three single-phase loads supplied from a three-wire system.
Due to a potential imbalance, such systems differ as to power properties from system dominated by three-phase loads, usually motors or rectifiers.
It could be a surprising observation that in spite of the fact that considerable amount of energy produced in power systems is distributed just in systems as shown in Fig. 1 , the power theory enables now their description in power terms only on the condition that the supply voltage is symmetrical. It could be regarded as a remarkable deficiency of the power theory. Consequently, such loads can be described in power terms only approximately, at the assumption that the supply voltage is symmetrical. Unfortunately, with the lack of power definitions valid at asymmetrical voltage, even the error of such approximation cannot be evaluated.
Studies on powers in asymmetrical three-phase systems have a century long history, but these studies are not concluded even now. They were initiated by Steinmetz [1] and Lyon [3] , while the main mathematical tool for these studies, in a form of the concept of symmetrical components, was provided by Fortesque [2] .
Difficulties with the development of the power theory of asymmetrical three-phase systems have started with the question on how to select the definition of the apparent power.
The American Institute of Electrical Engineers (AIEE) adopted [4] in 1920 two different definitions of the apparent power, namely: arithmetic apparent power:
(1) S = S A = U R I R + U S I S + U T I T and geometric apparent power: A debate [6] [7] [8] on which one of these two definitions is right was inconclusive. Consequently, both were supported by the IEEE Standard Dictionary of Electrical and Electronics Terms [18] . At the same time, a definition of this power suggested in 1922 by Buchholz in [5] , namely Eventually it was proven in [21] that the arithmetic and geometric definitions of the apparent power in systems with unbalanced loads provide an incorrect value of the power factor, while the right value of this factor at sinusoidal voltages and currents is obtained only when the Buchholtz definition (3) is used.
There is considerable amount of literature on various approaches to description power properties of three-phase systems, with some results published even recently [22] [23] [24] [25] [26] and studies on this subject are still not completed.
Most of studies [9-11, 13-17, 19] have focused the attention on power definitions at nonsinusoidal supply voltage. Unfortunately, at a wrong definition of the apparent power S, even at sinusoidal voltages and currents, it was not possible to develop neither the right definitions of electric powers of three-phase loads nor the right power equation. This issue for symmetrical supply voltages was eventually solved in [17] , however, for asymmetrical supply voltages both the power definitions and the power equation have yet to be developed. Their development is just the subject of this paper. Powers in systems with unbalanced loads have become the object of interest in [12] , but still at a symmetrical supply voltage.
The Currents' Physical Components (CPC) provides a conceptual frame for studies in this paper. It is based on three basic ideas: (i) The supply current of the load is a core quantity in the circuit for the power theory development. This prerequisite is in a contrast to approaches based on a power as such a core quantity. (ii) The supply current decomposition into mutually orthogonal components. Orthogonality makes the rms value of the load current independent on mutual interactions of the current components. (iii) The supply current components should be associated with distinctive physical phenomena in the circuit. This last prerequisite gave the name to this theory: Currents' Physical Components (CPC) power theory. These basic ideas of the CPC power theory were originally applied [13] to single-phase LTI loads with nonsinusoidal supply voltage and next to loads with sequentially increasing complexity with respect to their structure as well as voltages and currents waveforms. This paper can be regarded as a next step in this theory's development, now applied to unbalanced LTI loads with asymmetrical, but sinusoidal supply voltage.
Apart from the CPC approach, the concept of an unbalanced current and unbalanced power are essential for these studies. Originally, the concept of the unbalanced power was introduced in [17] for an unbalanced load with nonsinusoidal, but symmetrical supply voltage. This concept, confined to LTI loads operated at such conditions, is outlined in the following Section.
Original concept of unbalanced power
An equivalent circuit of linear stationary LTI loads as seen from the primary side of a /Y transformer, as shown in Fig. 1 , can have the form shown in Fig. 2 . As it was proven in [20] there is infinite number of such circuits, equivalent with respect to the load currents. The three-phase vectors of the load voltages and currents, can be expressed in the form 
In these formulas symbols U and I denote three-phase vectors of complex rms (crms) values U R , U S , and U T of line voltages, measured with respect to an artificial zero, and line currents I R , I S , and I T . For three-phase vectors of sinusoidal quantities, denoted generally by x(t) and y(t), of the same frequency, a scalar product
and three-phase rms value
can be defined [17] . The scalar product, defined by (6) in the time-domain, can be calculated in the frequencydomain, having vectors of crms values of these quantities X and Y, as follows
Two vectors x(t) and y(t) are mutually orthogonal on the condition that The scalar product of the supply voltage and the load current vectors is equal to the active power P of the load,
The power equation developed in [17] for LTI loads of the structure shown in Fig. 1 at sinusoidal and symmetrical and supply voltages, but asymmetrical currents has the form (12)
The apparent power in this equation was defined, according to the Buchholz definition (3), as the product of voltages and currents three-phase rms values, equal to
Symbols P and Q in the power equation (12) denote common active and reactive powers, which can be directly measured at the load terminals. Symbol D u denotes the unbalanced power, defined as
The symbol A denotes the magnitude of the unbalanced admittance of the load, specified in terms of equivalent line-to-line admittances, as follows
The unbalanced power was also defined in IEEE Std. 1459 [24] . It was defined as
where P p and Q p denote the active and reactive powers, but only of the voltage and current symmetrical component of the positive sequence. The power defined by formulae (17) share only the adjective "unbalanced", with that defined by (15) . These are two different powers. Formula (17) cannot be rearranged to a power equation, since it neglects energy delivered to the load by the negative sequence component of voltages and currents.
CPC decomposition at asymmetrical voltage
Apparent power S of single-phase loads and in balanced three-phase loads with sinusoidal voltages and currents is equal to the magnitude of the complex apparent power S which for single-phase systems is defined as
When the load is unbalanced and/or voltages are asymmetrical or nonsinusoidal then the apparent power S is no longer the magnitude of the complex apparent power S .
Unfortunately, similarity of symbols for both powers may cause confusion and even may lead to errors. Since it is a very common custom of denoting the apparent power by S, a clearly different symbol is used in this paper for the power defined as
Also the adjective "apparent" will not be used. The quantity defined by (19) will be referred to as a complex power.
With respect to active and reactive powers P and Q at the supply voltage u, the unbalanced load shown in Fig. 1 is equivalent to a balanced load shown in Fig. 3 , on the condition that its phase admittances are equal to Indeed, the complex power b C of such load is
The supply voltage u is sinusoidal, but it can be asymmetrical. Thus it can be decomposed into a sum of symmetrical voltages of the positive u p and negative u n sequence, so that 
shown in 4. where (20) is admittance of a balanced load, which is equivalent to the original load with respect to the active and reactive powers, it will be referred to as the equivalent balanced admittance. Such an equivalent balanced load draws the current The remaining current of the load, after the current of the balanced load is subtracted, is caused by the load imbalance 
I I I
Consequently, the load current is decomposed into the active, reactive and unbalanced current components, such that
Mutual orthogonality of the active and reactive currents results from their mutual phase shift by /2. Orthogonality of the balanced and unbalanced current has to be proven. Indeed Each current component in decomposition (30) is distinctively associated with a unique physical phenomenon in the circuit, thus they can be regarded as Currents' Physical Components, (CPC).
This decomposition can be performed, and the threephase rms values of each particular current can be measured or calculated by measurements of active and reactive powers P and Q at the load terminals as well as crms values I R , I S , and I T of the load currents. Power equation (34) and the values of the active, reactive and unbalanced powers provide distinctive information on how permanent flow of energy to the load; the phase-shift between the supply voltage and the load current, as well as the load current asymmetry affect the apparent power S.
The unbalanced current i u in formula (29) is not expressed in terms of the load parameters, however. It only fills a gap between the load current and its active and reactive components. The same applies to the unbalanced power D u . Definition (34) has no analogy to definition (15) . It is possible to calculate its value, but it cannot be used in a design process of a reactive compensator that would compensate this power. A dependence of the unbalanced power on the circuit parameters is needed for that.
Therefore, let us find how the unbalanced current and power depend on the circuit parameters.
The active and reactive currents in circuits with symmetrical supply voltage are symmetrical currents, such that where, according to [17] ,
df e e e S T T R R S
is the equivalent admittance of the load. It is a phase admittance of a balanced load, which is equivalent to the original one with respect to the active and reactive powers P and Q. When the supply voltage is asymmetrical then, according to formulas (27) and (28) the active and reactive currents follow the voltage asymmetry.
The phase admittance Y b of the equivalent balanced load is different than the equivalent admittance Y e , because (37) 
Equivalent circuit
The original unbalanced LTI load supplied with asymmetrical voltage can be regarded as a parallel connection of two balanced loads with phase admittance Y b and Y d , respectively, and two symmetrical current sources, connected as shown in Fig. 5 , which inject two three-phase currents j n and j Such a circuit can be regarded as an equivalent circuit of unbalanced loads supplied with sinusoidal, but asymmetrical voltage. It visualizes the complex nature of the unbalanced current i u . This nature could be irrelevant when only its rms value or/and the unbalanced power have to be known. Knowledge of this nature could yet be crucial for a process of design of a reactive compensator that would be capable to compensate the unbalanced current. A study on a possibility of reactive compensation of such loads is beyond of the scope of this paper, however. The balanced branch with admittance Y b has the active and reactive powers equal to P and Q, respectively, because this admittance was calculated, according to formula (20) , just to satisfy such a condition.
The branch with the unbalanced current i u , has to have zero active and reactive powers, P and Q, because these two powers of the original load are equal, according to formula (20) , to the powers of the branch with current i b , while the whole equivalent circuit has to satisfy the balance principle with respect to the active and reactive powers. The only non-zero power of this branch could be the unbalanced power D u .
Illustration. Let us calculate physical components of the load current in the circuit shown in Fig. 6 , with strongly asymmetrical supply voltage and strongly unbalanced load. The active and reactive powers of the load are equal, respectively, to P = 10.0 kW and Q = 10.0 kvar. Complex rms values of the positive and negative sequence symmetrical components, U p and U n , of the supply voltage, calculated according to (25) 
The three-phase rms values of the supply voltage symmetrical components are 
The equivalent balanced admittance Y b of the load in the circuit shown in Fig. 3 is equal 
The unbalanced current vector can be presented in the form 
The supply current has the three-phase rms value 
It could be checked that the complex power of the branch of the equivalent circuit with the unbalanced current
This confirms numerical correctness of calculation of the unbalanced current, thus correctness of calculation of the parameters of the equivalent circuit. 
where P s denotes the load active power at a symmetrical supply voltage, but with the same rms value as the asymmetrical one. The power P d occurs because of the supply voltage asymmetry, but it disappears, independently of this asymmetry, when the load is balanced. Similarly, the reactive power 
Conclusions
The paper shows that the basic ideas of the Currents' Physical Components power theory can be applied to unbalanced three-phase LTI loads supplied with sinusoidal, but asymmetrical voltage. It enables decomposition of the load current into orthogonal components associated with distinctive physical phenomena in the circuit and to describe the load in power terms. Results presented in this paper enable to remove one of deficiencies of the power theory of electrical circuits, namely, the lack of a power equation in the situation when an LTI unbalanced load is supplied with sinusoidal, but asymmetrical voltage. Equivalent admittances Let an LTI unbalanced load has an equivalent circuit as shown in Fig. 2 .
The complex power C of a three-phase load is defined as 
